Abstract. In this paper, we classify 3-dimensional complete gradient Yamabe solitons with nonnegative scalar curvature, divergence free Cotton tensor and vanishing the Schouten tensor at a point. Moreover, we classify complete gradient Yamabe solitons with some integrability conditions.
Introduction
A Riemannian manifold (M n , g) is called a gradient Yamabe soliton if there exists a smooth function F on M and a constant ρ ∈ R, such that
where R is the scalar curvature on M and ∇∇F is the Hessian of F . If ρ > 0, ρ = 0 or ρ < 0, Yamabe solitons are called shrinking, steady or expanding (cf. [9] ). By scaling the metric, we can assume ρ = 1, 0, −1, respectively. If the potential function F is constant, then Yamabe solitons are called trivial. Yamabe solitons are special solutions of the Yamabe flow which was introduced by R. Hamilton [10] . Yamabe solitons are similar equations of Ricci solitons
where R ij is the Ricci tensor of M. Ricci solitons are special solutions of the Ricci flow ∂ ∂t g ij = −2R ij which was also introduced by R. Hamilton [11] . It is well known that by using the Ricci flow, G. Perelman [14] , [15] , [16] proved Thurston's geometrization conjecture [17] and Poincaré conjecture. In the first paper of Perelman, he mentioned that "any complete noncompact κ-noncollapsed gradient steady Ricci soliton with positive curvature is rotationally symmetric, namely Bryant soliton" without the proof. In [5] , H.-D. Cao, G. Catino, Q. Chen, C. Mantegazza and L. Mazzieri gave a partial answer to the conjecture. In 2013, S. Brendle proved the conjecture [2] . He showed that "any non-flat κ-noncollapsed complete 3-dimensional steady Ricci soliton is rotationally symmetric, and therefore isometric to the Bryant soliton up to scaling". In this paper, we consider the similar problem of the Perelman's conjecture. More generally, we consider the following problem. Problem 1. Classify nontrivial non-flat complete 3-dimensional gradient Yamabe solitons with nonnegative scalar curvature.
Here we remark that since it is well known that any compact Yamabe soliton is trivial (see for example [12] ), it is important to study complete gradient Yamabe solitons. For the problem, P. Daskalopoulos and N. Sesum [9] showed that "all locally conformally flat complete gradient Yamabe solitons with positive sectional curvature have to be rotationally symmetric" which was inspired by H.-D. Cao and Q. Chen's paper [3] . Furthermore, they constructed examples of rotationally symmetric gradient Yamabe solitons on R n with positive sectional curvature. In [6] 
whereḡ S is the round metric on S n−1 , or (2) F has no critical point and M is the warped product
where N is a Riemannian manifold of constant scalar curvature. Furthermore, if the Ricci curvature of N is nonnegative, then M is isometric to the Riemannian product (R, dr
As a corollary, they showed that any nontrivial complete gradient Yamabe soliton with positive Ricci curvature is rotationally symmetric. Furthermore, they showed that any nontrivial non-flat complete and locally conformally flat gradient Yamabe soliton with nonnegative scalar curvature is rotationally symmetric. In [7] , G. Catino, C. Mantegazza and L. Mazzieri gave an important work for conformal gradient solitons.
For dimension n ≥ 4, Bach [1] introduced Bach tensor in 1920's.
H.-D. Cao and Q. Chen classified Bach-flat gradient shrinking Ricci soliton [4] . In [5] , Bach tensor for 3-dimensional manifolds was introduced as follows.
In this paper, by using Theorem 1.1, we classify 3-dimensional complete gradient Yamabe solitons with R ≥ 0, divergence free Cotton tensor and the Schouten tensor vanishes at a point p 0 ∈ M. 
Theorem 1.2 gives a partial answer to Problem 1. The remaining sections are organized as follows. Section 2 contains some necessary definitions and preliminary geometric results. Section 3 is devoted to the proof of Theorem 1.2. In section 4, we give some classifications of complete gradient Yamabe solitons with some integrability conditions.
Preliminary
where R is the scalar curvature of M and ∇∇F is the Hessian of F . Taking trace of the definition of Yamabe solitons,
where ∆ is the Laplacian on M. The Riemannian curvature tensor is defined by
where ∇ is the Levi-Civita connection. Ricci tensor R ij or Ric is defined by R ij = R ipjp . The Weyl tensor W and the Cotton tensor C are defined by
where
Rg is the Schouten tensor. The Cotton tensor is skew-symmetric in the first two indices and totally trace free, that is,
As it is well known that a Riemannian manifold (M n , g) is locally conformally flat if and only if (1) for n ≥ 4 the Weyl tensor vanishes, (2) n = 3 the Cotton tensor vanishes. Moreover for n ≥ 4, if the Weyl tensor vanishes, then the Cotton tensor vanishes. We also see that when n = 3, the Weyl tensor always vanishes, but the Cotton tensor does not vanish in general.
In general, we have
and
Thus we have (2.5) (n − 1)g(∇R, ∇F ) = −Ric(∇F, ∇F ).
On the other hand, by (2.4) and the contracted second Bianchi identity,
Combining (2.5) and (2.6), we obtain
Proof of Theorem 1.2
In this section, we give a proof of Theorem 1.2.
Proof of Theorem 1.2. We only have to consider the case (2) of Theorem 1.1. Since ∇ j B ij = −C ijk R jk ,
Here, by the definition and a property of the Cotton tensor,
Thus we have
Substituting (3.2) into (3.1), we have
By the assumption that M has divergence free Cotton tensor (i.e., Bach flat), the Cotton tensor vanishes, that is, M is locally conformally flat. In [6] , H.-D. Cao, X. Sun and Y. Zhang showed that in any open neighborhood U of N 2 in which F has no critical points,
where (x 2 , x 3 ) is any local coordinates system on
r 0 , whereḡ r 0 is induced metric on N 2 . By a direct calculation, we can get formulas of the warped product manifold of the warping function |∇F | = F ′ (r). By (1.1),
For a, b, c, d = 2, 3,
where curvature tensors with bar are the curvature tensors of (N,ḡ). Since (N 2 , g) is a 2-dimensional manifold,
ad . Substituting these into (3.4) and (3.5), we have
So the Cotton tensor C ijk is R = 0 at some point p 0 ∈ M, c = 0. Thus we have
So we have
By the Schouten tensor vanishes at a point p 0 ∈ M again, 0 = R 11 − 
We call it the Cao-Chen tensor for Yamabe solitons. The Cao-Chen tensor D is skew-symmetric in the first two indices and totally trace free, that is,
An elementary computation shows that ( [13] )
In this section, we show the following. 
Proof. We show (4.2). By (4.1), we get
We show (4.3). By (4.2), we have
By (2.5), we get
We show (4.4). By (4.3), we obtain
Ric(∇F, ∇F )n(R − ρ)
By (2.5) and (2.7), we have (4.4).
Proof of Proposition 4.2. For a fixed point x 0 ∈ M, and for every 0 < r < ∞, we first take a cut off function η on M satisfying that
η(x) = 1 (x ∈ B r (x 0 )), η(x) = 0 (x ∈ B 2r (x 0 )), |∇η| ≤ C r (x ∈ M), for some constant C independent of r, where B r (x 0 ) and B 2r (x 0 ) are the balls centered at a fixed point x 0 ∈ M with radius r and 2r respectively. and C are positive constants and the 2nd inequality follows from Young's inequality.
